In this paper, a numerical procedure for the natural vibration analysis of plates with openings and carlings based on the assumed mode method is extended to assess their forced response. Firstly, natural response of plates with openings and carlings is calculated from the eigenvalue equation derived by using Lagrange's equation of motion. Secondly, the mode superposition method is applied to determine frequency response. Mindlin theory is adopted for plate modelling and the effect of openings is taken into account by subtracting their potential and kinetic energies from the corresponding plate energies. Natural and frequency response of plates with openings and carlings subjected to point excitation force and enforced acceleration at boundaries, respectively, is analysed by using developed in-house code. For the validation of the developed method and the code, extensive numerical results, related to plates with different opening shape, carlings and boundary conditions, are compared with numerical data from the relevant literature and with finite element solutions obtained by general finite element tool.
Introduction
Rectangular plates with openings are frequently found in engineering structures. The openings are made for many reasons, as for instance saving weight, venting, altering the natural frequencies and providing accessibility to other parts of the structures (Lee et al., 1990; Cho et al., 2013) .
Literature reviews on vibration analysis of plates with openings are available in Kwak and Han (2007) and Cho et al. (2013) where different approaches are discussed. Experimentally obtained natural frequencies of rectangular plates with elliptical inner boundaries are reported by Nagaya (1981) . Hegarty and Ariman (1975) investigated free vibration of rectangular plates with circular openings by a least-squares point-matching method. Application of the finite difference method to the above problem can be found in Paramasivam (1973) , Aksu and Ali (1976) . Different variants of RayleighRitz method are presented by Ali and Atwal (1980) , Lam et al. (1989) , Lee et al. (1990) , Mundukur et al. (1994) , Grossi et al. (1997) , Laura et al. (1997) , and Avalos and Laura (2003) . There are also many papers where the finite element method (FEM) is applied to dynamic response analysis of plates with openings (Monahan et al., 1970; Ali and Atwal, 1980; Reddy, 1982; Chang and Chiang, 1988) . Huang and Sakiyama (1999) and Sakiyama et al. (2003) treated the opening in the plate as an extremely thin part of the plate. In this way, a plate with an opening was turned out to be the plate with non-uniform thickness. In that study, the case of the plate with circular, semi-circular, elliptic, square, rectangular, triangular, rhombic opening were studied by applying the discrete Green function of the plate. Recently, Huang (2013) investigated effects of constraints, circular opening and in-plane loading on vibration of rectangular plates. Also, Chen et al. (2014) analysed flexural and in-plane vibration of elastically restrained thin rectangular plates with openings using ChebysheveLagrangian method. The above state-of-the art clearly indicates that vibration of plates with openings still represent an interesting and important topic. As explained by Cho et al. (2013) , nowadays FEM is probably most important method in practical engineering, but its application still suffers from some drawbacks. A rather time-consuming model preparation is pronounced, that makes FEM appropriate only for final structure checks, when all dimensions and boundary conditions are known.
On the other hand, although the natural vibration analysis provides an insight in the dynamic behaviour of structures, it is often necessary, especially in ships and offshore units subjected to external vibration sources, to check compliance of vibration amplitudes with the prescribed criteria. Hence, this investigation is motivated with the aim to provide very simple, fast and accurate method, capable of analysing forced response of plates with openings and carlings.
A simplified energy-based method for the natural vibration analysis of Mindlin plates with openings and arbitrary boundary conditions is presented by Cho et al. (2013) . The procedure is based on the assumed mode method (Chung et al., 1993; Kim et al., 2012; Cho et al., 2014 Cho et al., , 2015 , and it can be applied to plates with multiple free-edge openings, arbitrarily placed within the plate area. As indicated above, this paper extends application of the developed procedure to the forced vibration analysis of such structures under point forced excitation and boundary displacement load, by using the mode superposition method. Furthermore, in the mathematical model the effect of carling is introduced, as a novelty. Namely, in ships and offshore structures, in the vicinity of openings and below heavy equipment carlings are fitted to prevent local deformation, and at the same time they influence the structure dynamic properties.
Since the natural vibration analysis is a prerogative for the forced response calculation by using the mode superposition method, in the next section the assumed mode method is briefly outlined. In the third section, forced response assessment is described and it is followed by extensive illustrative examples considering plates with different openings, carlings and boundary conditions. Comparisons with other available methods confirmed high accuracy of the presented procedure.
Natural vibration of plates with openings and carlings e assumed mode method
In this mathematical model the Mindlin thick plate theory which takes shear influence and rotary inertia into account (Mindlin et al., 1956 ) is adopted. It operates with three general displacements, i.e. plate deflection w, and angles of crosssection rotation about the x and y axes, j x and j y , respectively. In the formulation of the eigenvalue problem, Lagrange's equation is applied. In this sense, it is necessary to express system potential energy, V, and kinetic energy, T, respectively, in a convenient manner (Kim et al., 2012; Cho et al., 2013 Cho et al., , 2014 Cho et al., , 2015 . One can write for a plate with opening and carlings:
where V p is the plate potential energy, V c represents the potential energy of carlings and V o is the potential energy of openings. Similarly, T p is the plate kinetic energy and T c and T o are the kinetic energies of the carlings and openings, respectively. The assumed mode method is applied to analyse the natural flexural vibrations. Lateral displacement and rotational angles can be expressed by superposing the products of the orthogonal polynomials:
a mn ðtÞX m ðxÞY n ðhÞ; j x ðx; h; tÞ
and F n (h) are the orthogonal polynomials to represent deflections and rotation angles satisfying the specified elastic edge constraints with respect to x and h, respectively. Furthermore, a mn (t), b mn (t) and c mn (t) are the influence coefficients of orthogonal polynomials. Also, M and N are the number of orthogonal polynomials used for an approximate solution in the x and h directions, respectively. Lagrange's equation of motion reads:
If Eqs.
(1) and (2) are substituted into (4) the discrete matrix equation with 3 Â M Â N degrees of freedom is obtained as the following equation:
where [M] and [K] are the mass and the stiffness matrix, respectively. Their constitution using characteristic orthogonal polynomials is described in detail by Kim et al. (2012) .
Furthermore, Eqs.
(1) and (2) can alternatively be written in the following form: 
Equation (6) leads to an eigenvalue problem which gives the natural frequencies and eigenvectors of the system, where j is the imaginary unit and u represents the angular frequency. The mode shape corresponding to each natural frequency is then obtained from Equation (3). As mentioned above, the orthogonal polynomials corresponding to the target model should be applied, and here the characteristic polynomials having the properties of Timoshenko beam functions which satisfy the specified edge constraints are used (Kim et al., 2012; Cho et al., 2013 Cho et al., , 2015 :
where W and J represent transverse displacement and rotational angle, respectively. In addition, r is the plate material density, A is the cross-sectional area and I is the moment of inertia of the corresponding beam. The complete derivation of the polynomials can be found in Kim et al. (2012) . After the mathematical model for natural vibration analysis is presented, corresponding plate, opening and carling energies, respectively, are listed. According to Kim et al. (2012) , Cho et al. (2013 Cho et al. ( , 2014 Cho et al. ( , 2015 , and by introducing the nondimensional parameters a ¼ a/b and S ¼ kGh/D for a rectangular plate of length a and width b, Fig. 1 , potential and kinetic energies, respectively, yield:
In the above expressions D represents plate flexural rigidity, n is Poisson's ratio, K Tx1 ¼ ðk Tx1 a=kGhÞ, K Tx2 ¼ ðk Tx2 a=kGhÞ, K Ty1 ¼ ðk Ty1 b=kGhÞ and K Ty2 ¼ ðk Ty2 b=kGhÞ are nondimensional stiffness at x ¼ 0, x ¼ a, y ¼ 0 and y ¼ b, respectively, and correspond to the translational spring constants per unit length k Tx1 , k Tx2 , k Ty1 and k Ty2 . In the same manner, K Rx1 ¼ ðk Rx1 a=DÞ, K Rx2 ¼ ðk Rx2 a=DÞ, K Ry1 ¼ ðk Ry1 b=DÞ and K Ry2 ¼ ðk Ry2 b=DÞ are non-dimensional stiffness for the rotational spring constants per unit length k Rx1 , k Rx2 , k Ry1 and k Ry2 at boundaries, respectively.
In similar way, potential and kinetic energy of the rectangular opening shown in Fig. 2a , respectively, yield: Fig. 1 . Schematic of the considered thick rectangular plate.
and for elliptic opening, Fig. 2b :
For the circular opening, Eqs. (14) and (15) are valid, where semi-axes of the ellipse should be equalized. Also, as explained in Cho et al. (2015) , potential and kinetic energies of an oval opening are obtained by combining expressions for rectangular and elliptic (circular) openings.
Potential and kinetic energies of carlings, V c and T c , respectively, Fig. 3 , are formulated by adopting Timoshenko beam theory and yield:
where n x and n y represent the number of carlings in the x and y direction, respectively. K is the shear coefficient, and A w and I R are the cross-sectional area and the rotary moment of inertia of the stiffener cross-section, respectively. Further, GJ is torsional rigidity while EI is the bending rigidity of the carling.
Forced vibration of plates with openings and carlings e mode superposition method
Forced response of plates with openings and carlings is analysed by mode superposition method. The procedure is originally developed for application in ships and offshore units, where local structural members can be exposed to point excitation of the equipment (such as pumps, motors, etc.), or can be connected to some larger structures, and consequently subjected to enforced displacement/acceleration at its boundaries.
Vibration of plates with openings and carlings subjected to point force excitation
In mode superposition method the dynamic response is represented by linear combination of structure's natural modes. The dynamic force equilibrium equation of a plate structure subjected to point excitation force reads: 
and one can write:
In this way the modal mass matrix becomes a J Â J unit matrix with the corresponding modal stiffness matrix equal to the eigenvalue matrix. By assuming the proportional damping, the set of coupled equations of motion can be transformed into J uncoupled equations of motion in modal coordinates:
where N r is a modal coordinate. The values of the modal damping factors z r are assumed on the basis of providing damping that is characteristic for the type of structure considered. Meanwhile, when a harmonic excitation force vector fFg P ¼ fF 0 ; M x ; M h g T P is applied to a point P within the plate area, the generalized force vector {B} P in the generalized coordinates {q(t)} is expressed as:
where F 0 is the out-of-plane excitation force magnitude and M x ,M h are the excitation moment magnitudes in x, h axes, respectively. Hence, the steady-state response of arbitrary point R is calculated as follows:
wðx; h; tÞ j x ðx; h; tÞ j h ðx; h; tÞ
Vibration of plates with openings and carlings subjected to enforced displacement at boundaries
In case of plates subjected to uniform harmonic displacement excitation at boundaries in z direction, Fig. 4 , total deformation consists of rigid body displacement and elastic contribution:
w T ðx; h; tÞ ¼ w 0 e jut þ wðx; h; tÞ
where w 0 e jut is rigid body displacement and w(x,h,t) is elastic displacement.
By substituting w T (x,h,t) into Eq. (11) and Eqs. (13), (15) and (17), respectively, instead of w(x,h,t), kinetic energy of the plate yields: where T E and T 0 are kinetic energies due to elastic deformation and rigid body motion, respectively. Moreover, kinetic energy due to rigid body motion consists of kinetic energy of bare plate, T p0 , kinetic energy of carlings, T c0 , and subtracted kinetic energy of openings, T o0 :
By substituting Eqs. (25) and (26) into Lagrange's equation of motion, one can write
where {B 0 } is inertia force vector of plate structure, consisting of plate inertia, B p0 , carling inertia, B c0 , and subtracted opening inertia B o0 :
where n x and n y represent total number of carlings in x and y directions, respectively, n o is total number of openings and x l , x u , y l , y u are lower and upper bound of openings in x and y directions, respectively, described in Eqs. (13) and (15). Finally, the response of arbitrary point R can be calculated as:
Illustrative examples
The developed procedure is verified with numerical examples related to vibration analysis of rectangular plates with rectangular, elliptic, circular and oval free-edge openings. The applied material properties and calculation data are given in Table 1 . Number of polynomials in x and h directions is determined after convergence test presented in Appendix. The designated boundary conditions of clamped, simple and free are denoted by C, S and F, respectively, starting from x ¼ 0 in the counter clockwise direction, and results obtained using the developed procedure are denoted by PS (Present Solution).
Square plate with square opening
Frequency response analysis of a thin simply supported square plate with square opening, subjected to point excitation force is performed, Fig. 5 . In the natural vibration analysis solutions with 10 and 13 polynomials are obtained. In Table 2 , dimensionless frequency parameters m are compared with Rayleigh solutions (Ali and Atwal, 1980) , approximate solutions and Richardson's extrapolation formula calculated by Sakiyama et al. (2003) , respectively, FEM results obtained by Reddy (1982) , and FEM results calculated by the authors using NASTRAN software (MSC, 2010) .
Frequency parameters m are calculated according to following formula:
where the value of natural frequency u is given in rad/s. In spite of the fact that the method is developed to analyse only lowest natural frequencies of plates with relatively small openings, it gives acceptable results for higher modes and even larger openings, as evident from Table 2 . The excitation force of 150 N is imposed at plate point P (x ¼ 500 mm, y ¼ 750 mm). Frequency response is analysed in the range from 0 Hz to 250 Hz, with increment of 0.1 Hz. Plate resonant frequencies and velocities showing resonant peaks at selected point P are shown in Table 3 , where acceptable agreement is achieved, in spite of the fact that point P is placed at the opening edge, where local deformations may be emphasized. Fig. 6 shows frequency response of the analysed plate, where also good agreement is obtained.
Rectangular plate with elliptic opening
Vibration analysis of a moderately thick rectangular plate, h/a ¼ 0.1, having central elliptic opening and FFCC boundary Table 2 Frequency parameters m of simply supported square plate with square opening.
Method
Mode no. Table 4 , where excellent agreement with FEM results is obtained. Frequency response of point P is presented in Fig. 8 , where differences with FE results are barely visible in the vicinity of third resonant peak only. For illustration, the mode shapes of rectangular plate with elliptic opening are shown in Fig. 9 .
Square plate with circular opening
A square plate with arbitrarily placed circular opening and CCSS boundary conditions is subjected to point excitation force, Fig. 10 . Frequency response is analysed in the range from 0 Hz to 1000 Hz, with increment of 0.5 Hz. The results are presented in Table 5 . In this case also very good agreement with FEM results is obtained, both in case of plate resonant frequencies and velocities showing resonant peaks of point P (x ¼ 500 mm, y ¼ 500 mm).
Rectangular plate with multiple oval openings and carlings
Vibration of clamped plate with two oval openings and carlings that are often present in ships and offshore structures Fig. 9 . Mode shapes of rectangular plate with elliptic opening. is further analyzed, Fig. 11 . The carlings are flat bars with height and thickness 150 mm and 12 mm, respectively. The plate is subjected to enforced acceleration at boundaries and its frequency response is analysed in the range from 0 Hz to 110 Hz, with increment of 0.5 Hz. Resonant frequencies and corresponding velocities of selected point P (x ¼ 3000 mm, y ¼ 2000 mm) are given in Table 6 . Also, frequency response of the selected point and corresponding plate natural modes are shown in Figs. 12 and 13. The obtained results agree well with FEM solutions.
It is evident from the above numerical examples that developed procedure, based on the assumed mode method and mode superposition method for analyzing natural and forced response, respectively, gives accurate results for all combinations of boundary conditions, plate relative thicknesses, carlings and different opening shapes, and their sizes and placements within the plate area.
Conclusion
In this paper, a simple and efficient procedure for the natural vibration analysis of plates with free-edge openings is extended to assess their forced response. In the basic mathematical model, the effect of carling is also introduced. The method is very similar to Rayleigh-Ritz approach, but instead of minimizing energy functional, Lagrange's equation of motion is used to formulate eigenvalue problem, that further gives natural response. Mode superposition method is utilized to analyse plate response under point excitation force and edge displacement loading, in the frequency domain. Based on the presented mathematical model, the in-house code is developed, and in the paper, special attention is paid to its validation. Convergence test is performed to determine reasonable number of approximation polynomials and the accuracy of presented method is confirmed from comparisons with FEM solutions and some results from the open literature.
As generally known, preparation of FE models is rather time consuming, and when dynamic properties of plates with various combinations of openings and carlings are investigated, also having arbitrary sets of boundary conditions, the analysis may become expensive. Therefore, this simple method and developed computational tool are very helpful for the designer to perform a number of comparative analyses (with different computational setups) leading to single solution which could be finally subject of FE analysis or similar.
If the system total potential and kinetic energies are expressed in a convenient manner, the method can be further applied to forced vibration analysis of stiffened panels with openings, as well as in the assessment of forced response of plate structures in contact with fluid.
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Appendix. Convergence of the assumed mode method with respect to the number of used polynomials A numerical test is performed to analyze the convergence of the assumed mode method with respect to the number of used polynomials in x and h direction. Moderately thick square plate, h/a ¼ 0.1, with central circular opening, where 2R/a ¼ 0.2, is considered. The first three natural frequencies are compared with FEM results, and differences in percentage are given in Fig. A1 . The convergence tests indicate that 13 polynomials that are used in the above examples reflect the reliable solution. It should be mentioned that FEM results are dependent on the selected mesh density. However, in this case a convergence test of the assumed mode method is performed, after numerically stable finite element solution is achieved.
